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Abstract. In this paper, we construct the Sato theory including the Hirota bilinear equations 
and tau function of a new g-deformed Toda hierarchy(QTH). Meanwhile the Block type addi¬ 
tional symmetry and bi-Hamiltonian structure of this hierarchy are given. From Hamiltonian 
tau symmetry, we give another definition of tau function of this hierarchy. Afterwards, we ex¬ 
tend the g-Toda hierarchy to an extended g-Toda hierarchy(EQTH) which satisfy a generalized 
Hirota quadratic equation in terms of generalized vertex operators. The Hirota quadratic equa¬ 
tion might have further application in Gromov-Witten theory. The corresponding Sato theory 
including multi-fold Darboux transformations of this extended hierarchy is also constructed. 

At last, we construct the multicomponent extension of the g-Toda hierarchy and show the 
integrability including its bi-Hamiltonian structure, tau symmetry and conserved densities. 
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1. Introduction 


The Toda lattice and KP hierarchy are completely integrable systems which have many 
important applications in mathematics and physics including the theory of Lie algebra rep¬ 
resentation, orthogonal polynomials and random matrix model HHg. KP and Toda systems 
have many kinds of reduction or extension, for example BKP, CKP hierarchy, extended Toda 
hierarchy (ETH) PE], bigraded Toda hierarchy (BTH) [8]- [llj and so on. 

The (/-calculus ( also called quantum calculus) traces back to the early 20th century. Many 
mathematicians have important works in the area of (/-calculus and (/-hypergeometric series 
[T511T6] . The (/-deformation of classical nonlinear integrable system started in 1990’s by means 
of (/-derivative d q instead of usual derivative with respect to x in the classical system. As we 
know, the (/-deformed integrable system reduces to a classical integrable system when q goes to 
1 . 

Several g-deformed integrable systems have been presented, for example the g-deformed 
Kadomtsev-Petviashvili (g-KP) hierarchy is a subject of intensive study in the literature [Tfj - 
|24j . Basing on a similar g-operator as g-KP hierarchy in 20. 2J j. the g-Toda equation was 
studied in [25]l26] but not for a whole hierarchy. This paper will be devoted to the further stud¬ 
ies on the whole g-Toda hierarchy(QTH) and its extended hierarchy with logarithmic flows. 

Adding additional logarithmic flows to the Toda lattice hierarchy, it becomes the extended 
Toda hierarchy p] which governs the Gromov-Witten invariant of CP 1 . Therefore what is the 
application in Gromov-Witten theory of the q-deformed extended Toda hierarchy becomes a 
natural question which is one motivation for us to do this work. The extended bigraded Toda 
hierarchy(EBTH) [9] is the extension of the bigraded Toda hierarchy (BTH) which includes 
additional logarithmic flows mm- The Hirota bilinear equation of the EBTH was equivalently 
constructed in our early paper. One can also consider the bigraded extension of the extended 
QTH which might be included in our future work. 

The multicomponent 2D Toda hierarchy was considered from the point of view of the Gauss- 
Borel factorization problem, non-intersecting Brownian motions and matrix Riemann-Hilbert 
problem [3T|- (33]. In fact the multicomponent 2D Toda hierarchy in [32] is a periodic reduction 
of the bi-infinite matrix-formed two dimensional Toda hierarchy. The coefficients of the multi- 
component 2D Toda hierarchy take values in complex finite-sized matrices. In this paper, we 
also construct the multicomponent extension of the g-Toda hierarchy and show the integrability 
including its bi-Hamiltonian structure, tau symmetry. 

This paper is arranged as follows. In the next section we recall a factorization problem and 
construct the Lax equations of the g-Toda hierarchy. In Section 3-7, we will give the Sato 
theory of the g-Toda hierarchy (QTH) including Hirota bilinear equations, the tau function, 
vertex operators and Hirota quadratic equations. Basing on the double dressing structure 
of this hierarchy, the Block type Lie symmetry [131133] of the QTH was given in Section 8. 
In Section 9-11, we generalize the Sato theory of the g-Toda hierarchy to the extended g- 
Toda hierarchy(EQTH). To prove the integrability of this new extended hierarchy, the bi- 
Hamiltonian structure and tau symmetry of the EQTH are constructed. In Section 12, the 
multi-fold Darboux transformation of the EQTH was given which can produce new solutions 
from seed solutions as used in [27l 130] . In Section 13-15, we construct the multicomponent 
extension of the g-Toda hierarchy and show the integrability including the bi-Hamiltonian 
structure, tau symmetry and conserved densities of this matrix hierarchy. 
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2. Factorization and dressing operators 

Now we will consider the the shift operator A q acting on these functions as (A q g)(x) := g(qx), 
i.e. Aq := e £xdx ,q = e e . A Left multiplication by X is as XA J q , (XA J q )(g)(x) := X(x) o g(q j x) 
with defining the product (X(x)A q ) o (y(x)A^) := X(x)Y(q l x) A* + L 
The Lie algebra 

S={^^(x)Aj}, 

3 

has the following important splitting 

0 = 0+00-, (2-1) 

where 

9+ = {EA-MN }' o- = }• 

3 >o j <0 

For the corresponding Lie group G whose Lie algebra is g, the splitting (12. ip leads us to 
consider the following factorization of g G G 

g = g~ l °g +, g±^G± ( 2 . 2 ) 

where G± have g± as their Lie algebras. G + is the set of invertible linear operators of the form 
Xp>o gj( x )Aq] while G_ is the set of invertible linear operators of the form 1 + j <0 gj{x)X q . 
Then the set g of Laurent series in A q as an associative algebra is a Lie algebra under the 
standard commutator. Similar as [36], the factorization (12.2p belong to the big cell [4] and the 
factorization is defined only locally to avoid the generation of additional problems connected 
with these local aspects. 

Now we introduce the following free operators W 0 , W 0 <E G 


A 3 

W 0 := e 2 -J=° t, «', 

(2.3) 

_ aP 

W 0 := e^= oh «•' , 

(2.4) 


where tj G C will play the role of continuous times. 

We define the dressing operators W. W as follows 

W --SoW 0 , W:=SoW 0 , SeG_,SeG + . (2.5) 

Given an element g G G and denote t = (tj), jEN, one can consider the factorization problem 
in G. 

Wog = W, (2.6) 

i.e. the factorization problem 

S(t) oW 0 og = S(t) o Wo. (2.7) 

Observe that S, S have expansions of the form 

S — 1 + ixi(x)A q 1 + oj2(x)A q + • • • G G—, 

S = Oo(x) + 0J\(x)A q + U) 2 (x)Aq + • • • G Cr_|_. 
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( 2 . 8 ) 




(2.9) 


Also we define the symbols of S, S' as S, S 
§ = 1 + wi(x)A co2^x')X T ■ ■ ■ , 

§ — cjo(x) uq(x)A T cu 2 (x)A + • • • . 

The inverse operators S -1 , S' -1 of operators S, S have expansions of the form 

S' -1 = 1 + o;^(x)A“ 1 + co' 2 (x)A~ 2 H-6 G_, 

S 1 = UJq(x) + Uj'i{x)Aq + U)' 2 {x)A~ q + • • • G G+. 

Also we define the symbols of S' -1 , S^ 1 as § _1 ,S _1 as following 
§ -1 = 1 + u;i(x)A _1 + cu^x)A ^ + • • • , 

S _1 = co' 0 (x) + o)J(x)A + uj' 2 (x)X 2 + • • • . 

The Lax operators C G G of the g-deformed Toda hierarchy are defined by 
C :=W oA q o W - 1 = WoA~ 1 o W~\ 
and have the following expansions 
£ = A q + U(x) + V(x)A-\ 

In fact the Lax operators C G G are also be equivalently defined by 

C := S O A q O s~ l = S O A” 1 O s~\ 


( 2 . 10 ) 

( 2 . 11 ) 

( 2 . 12 ) 

(2.13) 

(2.14) 


3. Lax equations of QTH 

In this section we will use the factorization problem (12.6p to derive Lax equations. Let us 
first introduce some convenient notation on the operators Bj defined as follows 

a +1 


Br ' W + l)!' 

Now we give the definition of the g-Toda hierarchy (QTH). 


(3.1) 


Definition 1. The q-Toda hierarchy is a hierarchy in which the dressing operators S , S satisfy 
following Sato equations 


ed tj S = -(B j )-S, 


ed tj S = (B j ) + S. 


(3.2) 


Then one can easily get the following proposition about W, W. 

Proposition 1. The dressing operators W. W are subject to following Sato equations 

ed tj W = ( Bj)+W., ed tj W = (. Bf)+W . (3.3) 

From the previous proposition we derive the following Lax equations for the Lax operators. 
Proposition 2. The Lax equations of the QTH are as follows 

ed t ,C = [{B j ) + ,C\- ( 3 . 4 ) 

To show the relation of the QTH and the g-KP type hierarchy [201124] , we will do the following 
remark. 
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Remark 1. The q-Toda hierarchy can be treated as a generalization of the q-KdV hierarchy \20\j 
in terms of the same multiplication shift operator A q . The q-KP hierarchy in [21] is in fact a 
more general generalization of the q-KdV hierarchy in [20] after rewriting the operator A q as 
Ag — 1. Therefore the q- Toda hierarchy can be treated as a special reduction of the q-KP hierarchy 
in [El ] in terms of an operator A q = A q — 1 after a certain transformation. The operator A q 
in this paper is different from the q-derivative operator in [EE\2ff in which D q f[x) = ] 

which leads to a different hierarchy. 

To see this kind of hierarchy more clearly, the g-Toda equations as the to flow equations will 
be given in the next subsection. 


3.1. The g-Toda equations. As a consequence of the factorization problem (12. 6 j) and Sato 
equations, after taking into account that S G G_ and S G G+, the t 0 flow of C in the form of 
is as 


C = A a + U + VA~ l 


ed u ,C=[K, + U,V\-\ 


(3.5) 


which lead to g-Toda equation 

ed tQ U = V{qx)-V(x), (3.6) 

ed to V = U{x)V(x)-V(x)U(q~ l x). (3.7) 

From Sato equation we deduce the following set of nonlinear partial differential-difference 
equations 

uq(x) - u3 X {qx) = ed tl (e^ x) ) ■ e~^ x \ 
ed tl oj i(x) = -e^e-^ 9 ' 1 ^. 

Observe that if we cross the first two equations, then we get 


(3.8) 


e 2 dl<t>(x) = e-* w 


. e 0O) e -</>(9 1 *) 


which is the g-Toda equation. To give a linear description of the QTH, we introduce wave 
functions ip,ip defined by 


fp = w-x, *l> = w-x, 


where 


lofirz _ loRJ 

X(z) := z « , x{z) ■= z e 


(3.9) 


(3.10) 


and the “ • ” means the action of an operator on a function. Note that A q - \ = z\ and the 
following asymptotic expansions can be defined 


log a 


if = Z 6 (1 + UJi(x)z 1 + 

log X 


) V’o(-), 


E OO / Z J 

3 = 1 Z 3 e j\ 


ipo := e 2 " J ' = 


z —> oo, 

--o ~ V—'OO , Z J 

ip — z ~(u> 0 (x) +Ui(x)z 4- )ip 0 (z), ipo ■— e^ j =° z ->• 0. 

We can further get linear equations in the following proposition. 

Proposition 3. The wave functions ip, ip are subject to following Sato equations 
C - ip — zip , C ■ fp = zip , 

= E&y = (Bj)+ ■$. 


(3-11) 
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(3.12) 

(3.13) 





4. Hirota bilinear equations of the QTH 

Basing on above, Hirota bilinear equations which are equivalent to Lax equations of the QTH 
can be derived in following proposition. 

Proposition 4. W and W are wave operators of the q-Toda hierarchy if and only the following 
Hirota bilinear equations hold 

WA^W' 1 = WAf r W~\ r e N. (4.1) 

Proof. The proof is complicated but quite standard. One can refer the similar proofs in |7l9]. □ 

To give a description in terms of wave functions, following symbolic definitions are needed. 
If the series have forms 

W(x, t, A q ) = 22 ai(x, t) A* and W(x, t. A q ) = 22 h(x, t)A l qy 

ieZ «GZ 

W~ x (x,t, A q ) = ^2 A l q a[(x,t) and W _1 (x,t,AQ = 22 A 
iez jez 

then we denote their corresponding left symbols W, TV and right symbols W _1 , TV -1 as fol¬ 
lowing 

W{x, t, A) = 22 a ii x i W _1 (:r, t, A) = 22 a 'i ( x ’ 

iez iez 

VV(x, t, A) = 22 VV _1 (a;, t, A) = ^ 6' (x, t)AL 

«gz jez 

With above preparation, it is time to give another form of Hirota bilinear equation(see following 
proposition) after defining residue as ResA ^) neZ a nX n = «-i using the similar proof as |_3j[Z3,[9j . 

Proposition 5. Let S and S are wave operators of the q-Toda hierarchy if and only if for all 
m e Z, r e N , the following Hirota bilinear identity hold 


Res a {A r+m_1 yv(x,t,\)yv- 1 {q- m x,t , ,\)} = 

Res A {A _r+m_1 VV(a;, t, A) VV _1 (g _m x, t', A)} . (4.2) 

To give Hirota quadratic function in terms of tau functions, we need to define and prove the 
existence of the tau function of the QTH firstly in the next section. 

5. Tau-functions of QTH 

We firstly introduce the following sequences: 

t - [A] := (tj - e(j - 1)!A J , 0 < j < oo). (5.1) 

A function r G C depending on the dynamical variables t and e is called the tau-function of 
the QTH if it provides symbols related to wave operators as following, 
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§ : 
S” 1 : 
§: 
S" 1 : 


r(e 21 , tj — 


dj-V 

AJ 


.e) 


r(e 2 x,t,e) 

T(e*x,tj + ^^^e) 
r(e5x, t, e) 

T(e^x,tj + e(j - 1)!A J , e) 
r(e“sx, t, e) 

r(e~ix 1 t j - e(j - l)!A J ,e) 
r(e 2 j, t, e) 


(5.2) 

(5.3) 

(5.4) 

(5.5) 


Proposition 6. Given a pair of wave operators S and S of the QTH, there exists corresponding 
invertible tau-functions. 


Proof. Here, we shall note that the tau function r(x, t) corresponding to the wave operators § 
and § is in fact r(q~^x, t). 

The system is equivalent to: 


log§ 

logS 


exp - 1 logr, 


3=0 


exp | exd x + e E j\X J+1 d tj ) - 1 ) logr. 

3=° 


Then using the standard method in [3,[9] will help us to derive the existence of tau function of 
this hierarchy. 


□ 


After giving tau functions of the QTH, what is the Hirota bilinear equation in terms of the 
tau function becomes a natural question which will be answered in the next section in terms of 
vertex operators. 


6. Vertex operators and Hirota quadratic equations 

In this section we continue to discuss on the fundamental properties of the tau function of 
the QTH, i.e., the Hirota quadratic equations of the QTH. So we introduce the following vertex 
operators 



where 

OO 

[A]a ; = eJ^j\A J+1 d t .. 

3=0 
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Theorem 1. The invertible r(t,e) is a tau-function of the QTH if and only if it satisfies the 
following Hirota quadratic equations of the QTH. 

Res A A r_1 (r a <8) T- a ) (r $ r) = Res A A _r_1 (r~ b 8) T b ) (r 8 r) (6.1) 

computed at x = q l x' for each ( 6 Z, r 6 N. 

Proof. We just need to prove that the Hirota quadratic equations are equivalent to the right 
side in Proposition 0 By a straightforward computation we can get the following four identities 


r a T = T{q~*x,t)W{x,t, X)X logx/e , 

(6.2) 

r ~ a r = \- losx/€ W-\x,t,\ )T( q *x,t), 

(6,3) 

r ~ b T = T(q-?x,t)W(x,t, X)X x/e , 

(6.4) 

v b f = X~ l ° sx/e yv^ 1 (x,t, X) T(q^ X ,t). 

(6.6) 


The proof of four equations eq. fl6.2|) -eq. f|6.5p can be derived by similar QTH as in [7[[9]. By 
substituting four equations eq. fl6.2H -eq. fl6.5H into the Hirota quadratic equations (16.11) . eq. (l4.2p 
is derived. □ 

Doing a transformation on the eq. (16 .1 p by A —» A -1 , then the eq. (l6.1H becomes 

Res A A r_1 (r a 8 r~ a - r~ a 8 r a ) (r8r) = 0 (6.6) 

computed at x = q l x' for each l G Z, r G N. That means 

^ (r a 8 r~ a - r~ a 8 r a ) (r8r) (6.7) 

A 

is regular in A computed at x — q l x' for each l G Z. The eq. (16.71) i is exactly the q -version of 
the Hirota quadratic equation of the Toda hierarchy as a corollary in [7J. 


7. Bi-Hamiltonian structure and tau symmetry 

To describe the integrability of the QTH, we will construct the bi-Hamiltonian structure and 
tau symmetry of the QTH in this section. 

In this section, we will consider the QTH on Lax operator 


£ = A q + u + e v Af\ A q — e exdx . 

Then for / = J fdx, g = f gdx , we can define the hamiltonian bracket as 

{/,»}= 


io, w = u or v. 


(7.1) 


(7.2) 


The bi-Hamiltonian structure for the QTH can be given by the following two compatible Poisson 
brackets similar as [6] 
















(7.3) 


{v{x),v(y)} i = {u(x),u(y)}i = 0, 


{u{x),v(y )}i = - [e exdx — l] 5{x — y), 

{u(x),u(y)} 2 = i [e exa *e°to - e v{x) e~ exdx ] 5{x - y), 
{u(x),v(y)} 2 = ^ u(x ) [e txdx - l] 8(x-y), 

{v(x), v(y)h = - [e‘ xS ‘ - e-' 8 -] S(x - y). 


(7.4) 


For any difference operator A = 'YhkA]~A k q , we define residue ResA = Aq. In the following 
theorem, we will prove the above Poisson structure can be as the Hamiltonian structure of the 

QTH. 

Theorem 2. The flows of the QTH are Hamiltonian systems of the form 

du 


dtj 


= { u , H j} i, 


They satisfy the following bi-Hamiltonian recursion relation 

{/; H n — ij-2 vi{": H n }i. 

Here the Hamiltonians have the form 


(7.5) 


Hj = / hj(u,v;u x ,v x ;.. .;e)dx, j> 0, 


(7.6) 


with 


hy = - 

U +1) 


■ResC j+l . 


(7.7) 


Proof. The proof is similar as the proof in [6]. Here we will prove that the flows -Jh- are also 
Hamiltonian systems with respect to the first Poisson bracket. 

Suppose 


Rn ^ ^ } :k Aq •: 


(7.8) 


and from 

a c 

dt n 


= [(B n ) + ,£] = [-(B n )-,C], 


we can derive equation 


®n+l;l ®n+l;l("^)j 


du 
dt n 

du . —i \ f \ ‘ 

= a n+1 . 0 {q x)e y ’ - a n+ 1 . 0 {x)e 


v{qx) 


(7.9) 


(7.10) 
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(7.11) 



By 


dh n = 


1 


(n + 1 ) 


dRes [C n+1 ] 


— Res [C n dC\ 


n\ 


Res [a n -o(x)du + a n -i(q I x)e v '- X ’dv\ 


it yields the following identities 

oH n . . oH n . . v(x) 

~r~ = a n -o(x), - 7 — = a n]1 (q x)e y >. 
ou ov 

This agree with Lax equation 


(7.12) 

(7.13) 

(7.14) 


= {u, H n }i = ^ [e £xdx - l] = ^(a n;1 (qx) - a n . i(x)), 

= {v, H n }i = - [1 - e^] ^ = - [^(g-^e^ - a n; 0 (x)e^] . (7.15) 

ot n e due 

From the above identities we see that the flows are Hamiltonian systems with the first 

Otn 

Hamiltonian structure. The recursion relation follows from the following trivial identities 


r , — r _ - _ r n - 1 = _ - 

n\ (n- 1 )! (ra-l)f 


L n ~ r L. 


Then we get, 


This further leads to 


na n . i(x) = a n _i ; 0 (gx) + ua n _ i ; i(x) + e v a n _ 1 . 2 (q x x) 
= a n _ i ; 0 (x) + u(qx)a n _ 1 . 1 (x) + e v[q2x) a n _ i ; 2 (x). 


{u, H n _ i } 2 = { [A ? e v(a:) - e w(x) A 9 a n _i ; 0 (x) + w(x) [A 9 - 1 ] a n _i ; i(g 1 x)e t,(a:) } 

= n [a n -i(x)e v( ' qx ' > - a n . 1 {q~ l x)e v[x) ] . 

This is exactly the recursion relation on flows for u. The similar recursion flow on v can be 
similarly derived. The theorem is proved till now. 


□ 


Similarly as [ 6 ], the tau symmetry of the QTH can be proved in the following theorem. 
Theorem 3. The QTH has the following tau-symmetry property: 


dh m dh n 


, m,n> 0 . 


wbn h/t/777, 

Proof. Let us prove the theorem in a direct way 

dh m 1 


(7.16) 


dt n m\ n\ 
1 


Res[-{C n )-,C r ' 


fle S [(£”) + , (£•■)_] 

ml ni 

1 dh 

t — -m\ rm u,L n 


ml n\ 


Res[(£. m ) + ,n = 


dt r 


(7.17) 
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This theorem is proved. 

This property justifies another alternative definition of the tau function for the QTH. 


□ 


Definition 2. The tau function r of the QTH can also be defined by the following expressions 
in terms of the densities of the Hamiltonians: 

9 log r 


h n = e(Ag - 1)- 


dt r 


n > 0. 


(7.18) 


8. Additional symmetry and Block algebra 


In this section, we will put constrained condition eq. fl2.14p into construction of the flows of 
additional symmetries which form the well-known Block algebra. 

With the dressing operators given in eq. fl2.14p . we introduce Orlov-Schulman operators as 
following 

M = STS~\ M=SfS~\ 


r = 


log X 


\ 1 + r 


logx 


An 


(8.1) 

( 8 . 2 ) 


n> 0 


Then one can prove the Lax operator C and Orlov-Schulman operators M, M satisfy the 
following proposition. 

Proposition 7. The Lax operator C and Orlov-Schulman operators M, M of the QTH satisfy 
the following 


[C,M}= 1,[£,M] = 1, 

d,,M = [(B„)+, M], d,„M = [(B„)+, M], 

3M m C k BM m T k 

= l(B n ) + , M™C% = [{B n ) + , M™C k ] 


dt r 


dt r , 


(8.3) 

(8.4) 

(8.5) 


Proof. One can prove the proposition by dressing the following several commutative Lie brackets 

[dt n 


A n+1 

9 ,r] 


= [dt n ~ 
= 0, 


(n + 1)! 
O 

q 


A;+1 


(n + 1)! 1 


n> 0 


[A,r] = [9 t „,Ai£ A j = 0 . 


□ 


We are now to define the additional flows, and further to prove that they are symmetries, 
which are called additional symmetries of the QTH. We introduce additional independent vari¬ 
ables t* m t and define the actions of the additional flows on the wave operators as 


dS 


dt 


m,l 


= - ((M - M) m C l )_S, 


dS 


dt: 


m,l 


= ((M - M) m C') S, 


( 8 . 6 ) 


11 

















where m > 0, l > 0. The following theorem shows that the definition (18.6ft is compatible with 
reduction condition (j2. 14j) of the QTH. 

Proposition 8. The additional flows (18.6p preserve reduction condition (12.141) . 


Proof. By performing the derivative on C dressed by S and using the additional flow about S 
in (18.61) . we get 

(%/) = (d^S) AS-'+ S A (d^S- 1 ) 

= -{{M - M) rn jC l )_S AS- 1 -S AS- 1 {d t * ml S) S" 1 
= -((M - M) m £ l )_£ +£{{M - M) m £ l )_ 

= —[((M — M) m £ l )_, £]. 

Similarly, we perform the derivative on £ dressed by S and use the additional flow about S in 
(18.61) to get the following 

(dt^C) = (d tLi S)AS- 1 + SA(d tm ,S- 1 ) 


Because 


therefore 


d£ 

r)t* 

Ul m,l 


m,l 1 ' ' \ “rnj 

{{M - M) m £ l ) + S A- 1 S- 1 - S AS- 1 (df ml S) 5" 1 

((M - M) m C l ) + C - £((M - M) m C l ) + 

[((M — M) m C l ) + , C\. 


[M - M, C] = 0, 


= [— ((M — M) m jC l )_ , C\ = [((M - M) m C l ) £], 


(8.7) 


( 8 . 8 ) 


which gives the compatibility of additional flow of QTH with reduction condition (I2.14p . □ 

Similarly, we can take derivatives on the dressing structure of M and M to get the following 
proposition. 

Proposition 9. The additional derivatives act on M, M as 

dM 


dt: 


m,l 

dM 


dt: 


m,l 


= [((M — M) m £ l ) , M}. 


(8.9) 

( 8 . 10 ) 


Proof. By performing the derivative on M given in (18. ip . there exists a similar derivative as 
d t * X, i.e., 

m,l 

(' dt * M) = {d t * S) TS- 1 + 5T {dt* S- 1 ) 

= —{{M — M) m C l )-S T S- 1 -STS- 1 {df ml S) S' 1 
= —{{M - M) m C l )-M + M{{M - M) m C 1 )- 
= -[{{M - M) m £ l )_,M\. 

Here the fact that T does not depend on the additional variables t* ml has been used. Other 
identities can also be obtained in a similar way. □ 
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By the two propositions above, the following theorem can be proved. 


Theorem 4. The additional flows d t * t commute with the q-Toda hierarchy flows d tn , i.e., 

[6t.„6U* = 0, (8.11) 

where $ can be S, S or £, and d t * = -Jfl- , d t — S~. 

rn ’ 1 dt m,l dtn 

Proof. According to the definition, 


lB,-.,s,js = g t . (d tn s)-a t „(d t . s), 


and using the actions of the additional flows and the g-Toda flows on S, we have 




]S 


~d t ^ (( B n ).S ) + d tn (((M - M) m C l rS) 

~(dr mil B n )_ s - {BnUd^S) 

+[d tn ((M - M) m C l )}-S + ((M - M) m C l )-{d tn S). 


Using (18.61) and Proposition [71 it equals 

[dt^dtjS = [((. M-MrC l )_ ) B n ]_S+{B n )_{{M-MrC l )_S 
+[(B n ) + , (M - M) m C l ]_S - ((M - M) m C l )_(B n )_S 
= [((M - M) m C l )_, B n ]_S - [{M - M) m C\ ( B n ) + ].S 
+[(B n )-, {(M — M) m C l )_}S 
= 0. 


In the proof above, [( B n ) + , ((M — M) m C l )]_ = [( B n ) + , ((M — M) m £ l )_\_ has been used. The 
action on £ in the theorem can be proved in similar ways. □ 


The commutative property in Theorem [4] means that additional flows are symmetries of the 
QTH. Since they are symmetries, it is natural to consider the algebraic structures among these 
additional symmetries. So we obtain the following important theorem. 


Theorem 5. The additional flows dt* f form a Block type Lie algebra with the following relation 


= C km-nl)dt 




( 8 . 12 ) 


which holds in the sense of acting on S, S or £ and m, n, Z, k > 0. 


Proof. By using (18. 6p . we get 




dt* (d t * S) - d t * (d t * S ) 

- dr m , {m - M) n C k )-S) + d t * n k (((M - M) m £ l )_S ) 
- M) n C k )-S - ((M - MrC k Ud t * mi S) 
+(d t * n k ( M - M) m £ l )_S + ((M - M) m £ l )_(d t * n k S). 
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We further get 

[d t * ,dt* J5* 


~m,l ' L n,k 

n —1 


- M ) P (% ; ( M ~ M ))( M - M) n ~ p ~ 1 c k + (m-M) n (a c c k ) 

P=o' 

-((- M-M) n C k )_{d tU S) 

m— 1 

J2(M - MY(df n SM - M))(M - Mr-*-'C‘ + (M - 

p=0 

+((M - MrC l Ud t * n k S) 

= [(nl - km)(M - M) m+n ~ l C k+l ~ l }_S 
= (km - 

Similarly the same results on S and C are as follows 

= ((km-nl)(M~Mr+"-'C t+ ‘- 1 ) + S 
= (km - ni)9^ + „_ lit+I _ 1 S, 

[d t * , d t * }jC = d t * (d t * C) — d t * (d t * C) 

= [((nl - km)(M - M) m+n ~ l C\ 

= (km - nO^+n-gfc+i-r^- 


5 


5 


□ 


Denote D m i = dt* i; and let Block algebra be the span of all D m j, m,l > —1. Then by 
(18.12H . Block algebra is a Lie algebra with relations 

[D m>h D n>k \ = ((m + l)(k + 1) - (1 + l)(n + l))D m+7ltl+k , for m,n,l,k>- 1. (8.13) 

Thus Block algebra is in fact a Block type Lie algebra which is generated by the set 

B = {D_ 10 , Aw, D 0 0 , D 10 , D 01 } = {c?o i ^ ^i,o> ^*,i> ^2,1 j ^1,2}- ( 8 - 14 ) 

Theorem 6. The Block flows of the q-Toda hierarchy are Hamiltonian systems in the form 

(8.15) 


dt: 


du = K H* m l ) 1 , = {v, Hf nl } 1 , m, l > 0. 


dt * 


°m,l WL m,l 

They satisfy the following hi-Hamiltonian recursion relation 

d 


dt* 

Ui m,l 


= {;H^_ 1 } 2 = n{;H^ l } 1 . 


Here the Hamiltonians (depending on t n ) with respect to t* m t have the form 

H m,i = I KnM , u; U x , e)dx, ra > 0, 

with the Hamiltonian densities h* ml (u , n; v x ;... ; f n ; e) gzxen by 

h* ml = Res (M-M) m C l . 

Proof. The proof is similar as the proof for original Toda flows. 


(8.16) 

(8.17) 

(8.18) 
□ 
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9. Extended g-ToDA hierarchy 
To define the extended flows, we define the following logarithm 

log + £ = W o exd o W^ 1 — So exd o S _1 , (9.1) 

log_ £ = —W o exd o VE _1 = —S o exd o S' -1 , (9.2) 

where d is the derivative about the spatial variable x. 

Combining these above logarithmic operators together can derive following important loga¬ 
rithm 


1 1 ^ 
log£ : = — (log_|_ £ + log_ £) = -(S o exd o S' 1 - S o exd o S' 1 ) := W t A\ G G, 

i =—oo 

(9.3) 


which will generate a series of flow equations which contain the spatial flow in later defined Lax 
equations. Let us first introduce some convenient notations. 

Definition 3. The operators Bj, Dj are defined as follows 


n+ 1 9 CJ 1 

Yyy. Oj ■=— (logC-Cj), Cj = Y.f R“- 


(9.4) 


i= 1 


Now we give the definition of the extended g-Toda hierarchy(EQTH). 


Definition 4. The extended q-Toda hierarchy is a hierarchy in which the dressing operators 
S, S satisfy following Sato equations 


ed tj S = —(Bj)-S, ed tj S = (. Bj) + S, (9.5) 

ed Sj S = —(Dj)_S, ed Sj S = (Dj) + S. (9.6) 

Then one can easily get the following proposition about W, W. 

Proposition 10. The dressing operators W, W are subject to following Sato equations 

ed tj W = (Bj) + W, ed tj W = {.Bj) + W , (9.7) 

eds i W=(j(log + C-c j )-(D j )_)W, ed s .W = (-j(log_C-c j ) + (D j ) + )W. (9.8) 


From the previous proposition we derive the following Lax equations for the Lax operators. 
Proposition 11. The Lax equations of the EQTH are as follows 

ed tj £ = [(Bj) + ,C], ed Sj C = [(Dj)+,C], ed tj log £ = [(Bj) + , log £], (9.9) 

e(log£) s . = [-(£» i )_,log + £] + [(Dj) + , log_ £]. (9.10) 

To see this kind of hierarchy more clearly, the Hirota quadratic equations of the EQTH will 
be given in next subsection. 
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10. Generalized vertex operators and Hirota quadratic equations 
Introduce the following sequences: 

t-[ A] := {tj - e(j - 1)!A- 7 ,0 < j < oo). (10.1) 

A scalar function depending only on the dynamical variables t, s and e is called the tau- 
function of the EQTH if it provides symbols related to wave operators as following, 


r(e so a x ,tj - 

r(e so ~ zx, t, s; e) 
T(e S 0 + ^x : tj + 

r(e So+ 5x, t, s; e) 
r(e so+ ^x, tj + e(j — 1)!A J ", s; e) 
r(e s °~^x, t, s; e) 

- e(j - l)!A J ',g;e) 
r(e so+ ix, t, s; e) 


( 10 . 2 ) 

(10.3) 

(10.4) 

(10.5) 


The proof of the existence of the tau function of the EQTH is a also standard, one can refer 
the similar proof in [7JS]. 

Remark: We need to note that the tau function of the EQTH is unique up to a multiplication 
of an arbitrary function depending on extended variables Sj, j > 0 for a pair of given wave 
functions. 

In this section we continue to discuss on the fundamental properties of the tau function of 
the EQTH, i.e., the Hirota quadratic equations of the EQTH. So we introduce the following 
vertex operators 




1 °°, VJ+l \j 

exp ( + Sj — (log A - Cj )) ) x exp (t^ So T [A" 1 ] 


e— *(J + 1)! 


where 


1 _°°- \ ~j ~ 1 \~j 

exp ( - Sj —(log A - Cj )) ) x exp T [X]a) , 


e — "(J + 1)! 


[A]a : = e^j\\ 3 + 1 d t .. 

3 =0 


Because of the logarithm log A, the vertex operators r ±a <g)r =Fa and T ±fe <8)r =F6 are multi-valued. 
There are monodromy factors M a and M b respectively as following among different branches 
around A = oo 


M a = exp 
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( 10 . 6 ) 


M b = exp 


e 


(10.7) 













In order to offset the complication, we need to generalize the concept of vertex operators which 
leads it to be not scalar-valued any more but take values in a differential operator algebra in 
C. So we introduce the following vertex operators 


d = exp (-£ 


j!A’ +1 


(exd x )sj exp (log x d SQ ), 


j> o 


= exp ( - 2^ --( exd x )sj ) exp (log x d 8Q ), 


j> o 


V s * = exp (log x d SQ ) exp I ^ 

\j>o 


jW j+1 


(exd x )sj , 


Y 5 * = exp (log x d S0 ) exp ( ^ —-( exd x )sj ] . 


d>o 


Then 


jW +1 


o> o 


d>o 


After computation we get 


(r« ® rj) M“ = exp | 7f( s J - 

l j >o 

exp ( ±^p((»o + log*) - (s'„ + log* + ~ S A ) ( r « # ® r «) 

V l>o 


= exp (±^( S „- s')) (rf ®rj) 


T s * ® ri) M b = exp 1 ) 


j> o 


r‘ # ® rf 


( 10 . 8 ) 

(10.9) 

( 10 . 10 ) 

( 10 . 11 ) 


Y 5 * ® it = exp (log x d S0 ) exp ^ --( exd x )(sj - s') exp(logx d^), (10.12) 


Y S * ® T^ = exp (log x d S0 ) exp ( ^ —-( exd x )(sj - s') ] exp(logx d s > Q ). (10.13) 


±-p((so + logx) - (4 + logx + —( s i - s i)) ) ( r 6 # ® r b) 
= exp (±^(s 0 - 4)) (i 


Thus when s 0 — s(, E Ze, (Tf # <g) Tf) (T a <g) T a ) and ^T^ # ® T^ (T b <g) T 6 ) are all single-valued 
near A = oo. 

Now we should note that the above vertex operators take value in differential operator algebra 
C[3, x,t, s,e] := {f(x,t,e)\f(x,t,s,e) = JA >0 q(x, t, s, e)d 1 }. Then we can get the following 
important theorem similar as m- 
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Theorem 7. The invertible r(t,s,e) is a tau-function of the EQTH if and only if it satisfies 
the following Hirota quadratic equations of the EQTH. 


Res A A r_1 (rt # (g) r£) (r a ® r~ a ) (r ® T ) 

computed at s 0 — s' 0 = le for each l G 7L, r e N. 


Res A A _r_1 (r s * ® (r ~ 6 ® r 6 ) (r ® r) 

(10.14) 


11. Bi-Hamiltonian structure of the EQTH 

As another important part of the Sato theory, the bi-Hamiltonian structure of the EQTH 
will be constructed in the next section similar as [6]. 


Theorem 8. The flows of the EQTH are Hamiltonian systems of the form 


dm 


{ 0 '/. 11 k.J } 1 : 


dvi 


= {vi, H kJ } i, k = 0,1; j > 0, 


ru ft, 

OT k,j 0t k,j 

with t 0 j = tj. t\ j = Sj. They satisfy the following bi-Hamiltonian recursion relation 

{■j ^i,n—1)2 = n{ m , Hi,n}i + 2 {-, i?o,n-i}ij {■, Ho tTl -i }2 = (n + 1){-, Ho iU }i. 

Here the Hamiltonians have the form 


( 11 . 1 ) 


H k j = / h kJ (u, v; u x , v x ;...; e)dx, k = 0,1; j > 0, 


with 


ho,j — 


7 . 1 . ResC’* 1 , hij = — Res [•C-’flog£ - ' , )] . 

U + 1)! j! 


( 11 . 2 ) 


(11.3) 


Proof. For the (/-Toda hierarchy, the proof was already given in the Theorem [2j 


Here we will prove that the flows are also Hamiltonian systems with respect to the first 

Cft\ j/} 


Poisson bracket. Like in [5], the following identity has been proved 
Res [C n d(Sexd x S~ 1 )\ ~ ResC^dC, 
which show the validity of the following equivalence relation: 

Res (jC n dlog +J C) ~ Res (C^QlC) . 

Here the equivalent relation ~ is up to a ^-derivative of another 1-form. 

In a similar way as eq. flll.4h . we obtain the following equivalence relation 

Res [C n d(Sexd x S~ 1 )] ~ -Res£ n_1 d£. 

i.e. 

Res (jC n d log_ C) ~ Res (jC^cLC) . 

Combining (111.51) with (111.71) together can lead to 

Res {C n dlogC) ~ Res (C^dC) . 

Then from 

dC 


dt 


k,n 


— [(^fc,n)+T] — C\, Bo n — B n ,Bi n — D n , 


(11.4) 

(11.5) 

( 11 . 6 ) 

(11.7) 

( 11 . 8 ) 

(11.9) 
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and supposing 


we can derive equation 


du 

dt 1}n 

dv 

'dt 1>n 


n ^ ^ ®l,ri-|-l;fe A i 
k 

= ai jn+ i-i(qx) - ai jn+ i ; i(x) G C, 

= £ii,„ + , ;0 (<f‘ iKM - a w ,„(x)e^ 6 C. 


( 11 . 10 ) 

( 11 . 11 ) 

( 11 . 12 ) 


The equivalence relation (1 11.8 [) now readily follows from the above two equations. By using 
(111.5P we obtain 

2 

dh\ n = — d Res [C n (log C — c n )\ 
n\ 

~ ———- Res \C n - 1 (log C — cn) dC] + 4 Res IC^dC 1 
(n — 1)! J n\ L J 


(11.13) 

(11.14) 

(11.15) 


= — — , Res [£" 1 (log£ - c„_0 dC] 

— Res [ai in . i0 (x)du 4- a 1:n -i(q~ 1 x)e v ^dv] . 

ft yields the following identities 

8H\ n . . 8H\ n / —i \ v(x) 

= ai,n;o(z), -^- = ai,n;i(9 ®)e 1 h 

This agree with Lax equation 

= {^,iL 1 ,4 1 = i[e e ^-l]^ = 4a 1 , n+1;1 (^)-a 1>ri+1;1 (x)), 

-4- = {», H lt nh = - [1 - e £ ^] = - [ai,n +1; o(g“ 1 x)e"W - a hn+1 . 0 (x)e v ^] . 

at. i ;n e du e 

From the above identities we see that the flows are Hamiltonian systems of the first bi- 
Hamiltonian structure. For the case of k = 1 the recursion relation follows from the following 
trivial identities 

n —C n (log ± C - Cn) = C -—— £ n_1 (log ± C - c n -i) - 2 —C n 


ni 


{n— 1)! 


n\ 


= r^~n r £ ” _1 (>°g± c ~ c »-i) c ~ 2 V” 

(n — 1)! n! 

Then we get, for j3 — 1, 

wai in+ i ; i(a;) = ai, n; o(^) + «ai, n; i(aj) + e ,, ai in;2 (g _1 x) - 2a 0 , n+ i;i(z) 
= ai,n; 0 (®) + u(qx)a ltU]1 (x) + - 2a 0) n + i-i(x). 

This further leads to 


{u, H lyn _ l } 2 = { [Ke v{ - x) - e v{x) R ai, n;0 (a;) + u(x) [A - 1] a^ n]1 {q l x)e v{ - x) } 

= n [a 1}n+1;1 (x)e v ^ - a 1)n+l , 1 {q~ 1 x)e v ^] + 2 [a w , 0 {x)e v ^ - a 0 , n+1 ., 0 (q~ 1 x)e v ^] . 
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This is exactly the recursion relation on flows for u. 
similarly derived. Theorem is proved till now. 


The similar recursion flow on v can be 

□ 


Similarly as [6], the tau symmetry of the EQTH can be proved in the following theorem. 
Theorem 9. The EQTH has the following tau-symmetry property: 


dh 


a,m 


dtr- 


9hfj n 

Otn 


, a, — 0,1, m, n > 0. 


(11.16) 


^/3,n w °a,m 

Proof. Let us prove the theorem for the case when a — l,/3 — 0, other cases are proved in a 
similar way 

dhi im 2 


dt 0}n m\(n+1 )! 


Res[-{C n+1 ).,C m {\ogC-c m )} 


ml {n + 1)! 
2 

ml (n + 1)! 


Res[{C m (\ogC-c m )) + QC n+1 ).} 


Res[(C m (logC-c m )) + 1 C n+1 } = 


dho, n 

dt\ m 


The theorem is proved. 


(11.17) 

□ 


This property justifies the following alternative definition of another kind of tau function for 
the EQTH. 


Definition 5. The tau function r of the EQTH can be defined by the following expressions in 
terms of the densities of the Hamiltonians: 

d log f 

hp, n = e(A - 1)—-, /3 = 0,1; n > 0, (11.18) 

with t(jj — tjfii j = Sj. 

With above two different definitions tau functions of this hierarchy, some mysterious con¬ 
nections between these two kinds of tau functions become an open question. One is from Sato 
theory without fixing extended variables and another is from the Hamiltonian tau symmetry. 
While considering the constraint of f down to a sub-manifold only depending on non-extended 
coordinates, f and r should be the same. 


12. Darboux transformation of the EQTH 
In this section, we will consider the Darboux transformation of the EQTH on Lax operator 

£ = A q + u + uA” 1 , (12.1) 

i.e. 

£ [1] = A g + u [1] + = W£W-\ (12.2) 

where W is the Darboux transformation operator. That means after Darboux transformation, 
the spectral problem about the wave function <f> 


C(p = A q (j) + ucj) + vA q 1 <f = A (j>, 


(12.3) 


will become 
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= A </>W. 


(12.4) 


To keep the Lax pair of the EQTH invariant , i.e. 

= [(Bj 1| ) + ,£ [1| ],ea, J £l 1 ’ = [(£>?')+, £W], B] 11 := B,(C»),Df ] := D,(£."), 

(12.5) 

ed h log£51 = [(flW) + ,l 0 g£W], ed, ,log£ [1 l = [-(d! 1] )_, log + B 11 !] + [(DP ] ) + ,log_ £ [1 1], 

( 12 . 6 ) 

the dressing operator W should satisfy the following dressing equation 

ed tj W = -W(B j ) + + (WB j W~ 1 ) + W, j> 0 (12.7) 

ed a .W = -W(Dj)+ + (WDjW-^+W, j > 0. (12.8) 


where W tj means the derivative of W by tj . To give the Darboux transformation, we need the 
following lemma. 


Lemma 1. The operator B := Yl^=o ^nA” is a non-negative difference operator, C := Yl™=i c nA~ n 
is a negative difference operator and f,g (short for f(x),g(x)) are two functions of the spatial 
parameter x, following identities hold 




1 - A: 


1 — A: 


1 - A: 


{Cf T ^g) + = C(f)^-^g, (/~ ^ gC)+ = f- —-7—C*(<?)■ 


1-A n 


1 — An 


1 — A n 


1 — A„ 


'■Q a. 1 \. q A- 1 Lq A. AAq 

Proof. Here we only give the proof of the eq. fll2.9p by direct calculation 


K 1 

(Bfj^g). 


00 A -1 

£U/te”i)A”* r y^TT9). 


m =0 
00 


jyn-i 

b mf(Q mx )( 1 _ g A _i )-g 

m =0 9 


^K.f(q 


A 


-1 


m x) - ~~ q . , g 


m =0 


l-A-i- 


A 1 

= 

± i\.q 


(12.9) 

( 12 . 10 ) 
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( 12 . 11 ) 

















A- 1 

{f T^ gB) - 


00 A —1 

E(/T3Vi^ Am )- 


1 - A„ 

m= 0 1 

f^(/ r ^rT A ”'9fe-”i)6 m (9- m T) ) . 

m =0 9 

°° \ m ~ 1 

/( x _ g A _i )-ff(g~ m a ; ) 6 m(g" 

m=0 ^ 

E /T3^M<r”09(<r m 0 

m=0 9 


X) 


K 1 

= f Y^ B{g) - 

± 1 Yq 

Similar proof for the eg. (j!2. 1Q[) can be got easily. 


( 12 . 12 ) 


□ 


Similarly as in [B7H30] . we can get the n-fold Darboux transformation in the following theorem 
which will be used to generate new solutions. 


Theorem 10. The n-fold Darboux transformation of EQTH equation is as following 


W n = 1 + t [ f ] A" 1 + t [ f ] A’ 2 + • • • + fN A“ n 


where 


(12.13) 


11/'/ ‘ fi\i<n 0. 

The Darboux transformation leads to new solutions form seed solutions 

— u + [A q - l)!' 1 ', 
v ' W = ?-‘x). 

where 

■ A’ 


= z- 

/— *n. 


*9 

„-l„ 


v 9 

„- 2 „ 


01 01 (9 H) 01 (g 2 x) ... 01 {q n x) 
02 02(<J _1 x) 02(<J -2 x) ... <t>2{q~ n x) 

0n 0n(lj _1 x) 0n(? -2 x) ••• 4>n{q~ n x) 


(12.14) 

(12.15) 

(12.16) 


A n = 


01 (</ H) 01 (9 2 X) ... 01 (9 "x) 
02(9 -1 z) <t>2(q~ 2 x) ... cf>2(q~ n x) 

4 >n(q~ 1 x) cf>n(q~ 2 x) ... <f> n (q- n x) 


It can be easily checked that = 0, i = 1, 2,..., n. 

Taking seed solution u — 0, n = 1, then using Theorem [TO], one can get the ri-th new solution 
of the EQTH as 


= (1 - A q )9i o logW r (0i,0 2 ,---0n), 

v \n] _ e (l-A“ 1 )(l-A- 1 ) 1 °g'l / r(01,02,...0n) 
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(12.17) 

(12.18) 














(12.19) 


where W r {(f> i, 0 2 , ■ ■ ■ </>n) is the q-deformed “Wronskian” 

kF r (01, 02) • • • 0n) d&t(A.qj (j^n+l—i)l<i,j<n- 


13. Multicomponent g-ToDA hierarchy 

13.1. Factorization Problem. In this section, we will denote Gn as a group which contains 
invertible elements of complex N x N complex matrices and denote its Lie algebra Qn as the 
associative algebra of complex N x N complex matrices Mjv(C). 

Now we introduce the following free operators Wno, Ibvo € Gn 

N 

W N0 := ^ E kk (13.1) 

k= 1 
N 

W no :=J 2 E kk eZ7= oV, (13.2) 

fc=i 

where tj k ,tj k £ C will play the role of continuous times. We define the dressing operators 
lb a? , Wn as follows 

W N := S N • VFato, VFjv := S N • Wvo- (13.3) 

Given an element g n £ Gn and time series t = ( tj k ),t = ( tj k ),s = ( Sj);j,k £ N, 1 < k < N, 
one can consider the factorization problem in G n [32] 

Wn ■ gN = Wn, (13-4) 


i.e. the factorization problem 

Shr(t. t, s ) • Wno ■ gN = <Sat(L t, s ) • W N o, Sn £ Gn- and Sn £ Gn+- 
Observe that Sn, Sn have expansions of the form 

Sn — Ijv + /3i(x)A q 1 + /3 2 (t) A q 2 + • • • £ Gn~, 

Sn — Po(x) + f3i(x)A q + /5 2 (a:)+ • • • £ Gn+- 

Also the inverse operators S^ 1 , S^ 1 of operators S, Sn have expansions of the form 
Ajy 1 = Iat + / 3[(x)A q 1 + f3' 2 (x)A q 2 + • • ■ £ Gn~, 

Sn = #>(*) + Pi( x )E q + ^(x)A 2 + • • ■ £ G n+ . 

The Lax operators L, C kk , C kk £ Qn are defined by 
L W N ■ A q ■ W^ 1 = W N • A" 1 • W„\ 

G kk := W N ■ E kk ■ W^ 1 , C kk := W N ■ E kk ■ W^ 1 , 

and have the following expansions 

L = A q + u(x) + v(x)A~ 1 , 

G kk = E kk + C kkt \(x)A q 1 + C kk ^(x)A q 2 + • • • , 

S kk C kk} o(x) ~h C' kk \{EjA q T G kk 2 {x)A q T ■ ■ ■ • 
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(13.5) 

(13.6) 

(13.7) 

(13.8) 

(13.9) 


(13.10) 


(13.11) 

(13.12) 


In fact the Lax operators L, Ckk, Ckk £ Qn can also be equivalently defined by 


=<-1 


L := S N ■ A q ■ S N l = S N • A’ 1 • S N , 


Ckk Sm ■ Ekk • S 


- i 

; N i 


Ckk Sn ■ Ekk. ■ S 


-1 
>N ■ 


14. Lax equations of MQTH 

In this section we will use the factorization problem (j!3.4[) to derive Lax equations. Let us 
first introduce some convenient notations. 

Definition 6. The matrix operators Ckk, Ckk , Bjk , Bjk are defined as follows 
Ckk '■= WNEkkWjy 1 , Ckk '■= W]s[EkkW N l , 

B jk := W N E kk AlW N \ B jk := W N E kk A;QW N l . (1 

Now we give the definition of the multicomponent q- Toda hierarchy (MQTH). 

Definition 7. The multicomponent q-Toda hierarchy is a hierarchy in which the dressing op¬ 
erators Sn,Sn satisfy following Sato equations 

ed tjk S N = -( B jk )-.S N , ed tjk S N = (B jk )+ • S N , (14.2) 

edt jk S N = -{Bjk)- • S N , ed~ tjk S N = {B jk )+ • S N . (14.3) 

Then one can easily get the following proposition about Wn , Wn- 

Proposition 12. The wave operators Wn , Wn satisfy following Sato equations 

ed tjk W N = (B jk )+ ■ W N , ed tjk W N = {B jk ) + • W N , (14.4) 

edt jk W N = ~{B jk )- • W N , edf jk W N = ~{B jk )- • W N . (14.5) 

From the previous proposition we can derive the following Lax equations for the Lax opera¬ 
tors. 

Proposition 13. The Lax equations of the MQTH are as follows 

e ®t jk L — [{Bjk)+i L\, ed tjk C ss = [{Bjk)+, C ss ], edt jk C ss = [{Bjk)+,C SS \, (14.6) 

e ^t jk L = [{Bjk)+, L\, edt jk C ss = [{Bjk)+,C SS \, edi jk C ss = [{Bjk)+,C SS \. (14.7) 

To see this kind of hierarchy more clearly, the multicomponent (/-Toda equations as the d tlk 
flow equations will be given in the next subsection. 


14.1. The multicomponent (/-Toda equations. As a consequence of the factorization prob¬ 
lem (113.4p and Sato equations, after taking into account that Sn G Gn- and Sn G Gn+ and 
using the notation e^ N := /3 0 in Sn, -But has following form 

B\k = EkkA q + Uk + VkA q 1 , 1 < k < N, (14.8) 

and we have the alternative expressions 


U k := Pi{x)E kk - E kk Pi{qx) = ed tlk {e^) ■ e~^ x \ 
V k = E kk e-+ N to- lx > = —ed tlk Pi{x). 
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From Sato equations we deduce the following set of nonlinear partial differential-difference 
equations 

Pi(x)E kk - E k Mqx) = ed tlk (e^) • e~^ x \ 

d tl Mx) = -e* n{x) E kk e-^ q - lx ^ . (14 ' 10) 

These equations constitute what we call the multicomponent g-Toda equations. Observe that 
if we cross the two equations in (114.1(1 . then we get 

e 2 d tlk (d tlk (e^) • e~* N W ) = E kk E kk E kk E kk , 

which is the matrix extension of the following Toda equation (the case when N — 1) 

e 2 d tll d tn (<f) N (x )) = e Mgx) ~MA - . 

Besides above multicomponent g-Toda equations, the logarithmic flows the MQTH also con¬ 
tains some extended flow equations in the next subsection. 


15. Bi-Hamiltonian structure and tau symmetry 
To describe the integrability of the MQTH with the matrix-valued Lax operator 


L = A q + u + vA q 


-i 


x.c. Lij 8,.j A -q T u.ij T v.ijAq 


-i 


(15.1) 

we will construct the bi-Hamiltonian structure and tau symmetry of the MQTH in this section. 
For a matrix A = (a t j), the vector field Da over MQTH is defined by 


N 


9 a = Y Y a 


ij \ 


d 


i,j=1 k> 0 


du) 


(k) 


+ 


d 


13 


dv ij 


(*)' 


TrY A(k \ 


d 


+ 


d 


k> 0 


dudv 


where 


—)■ 
-at A) h ' 


d 


du. 




'dvw ht 


d 


dv, 


{k) ’ 




For two functionals f — J fdx,g = f gdx , we have 
" (*), df , df 


J n A - 1 


13 du {k) 

i,j=1 fc>0 U U ’ij 


+ 


dv. 


(*) 


)dx = f TrY A(k \ 

k> 0 


5/ + 5/ 


8vdd 


)dx. 


Then we can define the hamiltonian bracket as 

if,9} = 


E -J-{w,w'}^-dx, w,w' = Uij or v^, 1 < i, j < N. 

Aq 17 Aon' J J 


8w' 


w,w 


(15.2) 


(15.3) 


(15.4) 


(15.5) 


The bi-Hamiltonian structure for the MQTH can be given by the following two compatible 
Poisson brackets which is a generalization in matrix forms of the extended Toda hierarchy 
in [6] 


u(y)pq}i 

\8iqUpj (xj 8jpU-iq (x)] (5(x ]f)i 

(15.6) 

{u(x) ij ,v(y) pq } 1 

= i [8 iq A q v pj {x) - 8 jp v iq (x)\ 8(x — y), 

(15.7) 

{v(x)ij,v(y) pq }i 

= 0 , 

(15.8) 
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{u(x) ij ,u(y) pq } 2 = 


N 


SiqA q Vpj{x') SjpV^ q {x^A q T S lq ^ ^ U 


An 


An 


S=1 


SJ An~l UpS ^ An~ 1^ 


N 


Hiq(Aq 1) Upj -\- 5jp Ui s ( A q 1) U S q 


S= 1 


5(x - y ), 


(15.9) 


{u{x) ij ,v(y) pq } 2 = - 


N 


Sjq ^ ^ UgjAg (A g 1) Vp S [x) UpjA q (A q 1) Vi q 


8=1 


N 


^ iq(A q 1) A qVpj{x) “I - Sjp ^ ^ Uj s (1) 1 


-sq 


s=l 


S(x-y), (15.10) 


{v{x) ij ,v(y) pq } 2 = - 


iV 


Sjq ^ ^ V sjAgi^Aq 1) Vpflx} VpjA q (A q 1) V^ q 


s=l 


N 


Viq^Aq 1) Vpj(x) 4~ Sjp ^ ^ Vj s Ag (Ag 1) 1 


s<? 


S=1 


5(z-j/). (15-11) 


In the following theorem, we will prove the above poisson structures can be considered as 
the bi-Hamiltonian structure of the MQTH. 


Theorem 11. The flows of the MQTH are Hamiltonian systems of the form 

dUpq __ r _ U T S)'Vpq _ ZJ 1 

— \Upq, Hj : k}i, — {v pq , Hj’kji, 

< Jtj,k 0t j,k 

nn — nil — 

-fA {u pq , Hj , k } u -^ = { Vpq , H^h, k — 0,1,... N’, j >0. 

Otj,k 

They satisfy the following hi-Hamiltonian recursion relation 

{') Hn—l,kf2 {') H n> k\li {') Hn—l,kJ2 \':Hn,k}l- 
Here the Hamiltonians have the form 

Fj,k = [ fj,k ( u > A Ax, v x ]...; e)dx, 


(15.12) 

(15.13) 

(15.14) 

(15.15) 


with the Hamiltonian Fj >k = Hj >k , Hj >k and, the Hamiltonian densities ff k = hj tk , hj >k given by 

h jk = TrRes C kk Lfl hj^ — TrRes C kk U. (15.16) 

For readers’ convenience, now we will write down the first several Hamiltonian densities 
explicitly as follows 


An 


hoy = TrRes C kk = TrE kk = 1, 

h 1}k = TrRes C kk L = Tr[( 1 - A q )~ l uE kk - E kk j 1 u] = u kk , 
h 0 y = TrRes C kk = Tr ftAk-ft -1 , 


(15.17) 

(15.18) 

(15.19) 


hiy = TrRes C kk L = Tr (ft E kk (3 0 - ft£ fcfc ft ft ftftft x)fl 0 ft, (15.20) 


with 


ft = vfloid x ), ft = uft + vflflq x). 
26 


(15.21) 



When N — 1, the above conserved densities will be the ones of the Toda hierarchy in [6]. 
Similarly as [5], the tau symmetry of the MQTH can be proved in the following theorem. 


Theorem 12. The Hamiltonian densities of the MQTH have the following tau-symmetry prop¬ 
erty: 


dh, 


a,m 


dh 


j,k 


dh n 


dh,. 


i,k 


dtjM 

dhrv.m. 


dt ' 
9hj } k 


dtj.k 

dhrv rri. 


dt : 

dhj^k 


(15.22) 


(15.23) 


dt h k dt am dtjk dt am 

Proof. Let us prove the theorem for the first equation, other cases can be proved in a similar 
way 


dh. n 


- = TrRes[-{C kk L n )^C ss L m ) 


dt n .k 

= TrRes[(C ss L m ) + 1 (C ss L n )_} 
= TrRes[(C ss L m ) +1 C kk L n } = 


dh 


n,k 


dU 


(15.24) 

□ 


This property justifies the following definition of the tau function for the MQTH: 


Definition 8. The tau function tn of the MQTH can he defined by the following expressions 
in terms of the densities of the Hamiltonians: 


hj,n — e ( A <? 


1) 


d log Tjy 
dtj n 


(15.25) 


h 




e( A <? 


1) 


<9 log TjV 
dtjn 


(15.26) 
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